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ABSTRACT
The ultimate performance of coronagraphic high contrast exoplanet imaging systems
such as SPHERE or GPI is limited by quasi-static aberrations. These aberrations
produce speckles that can be mistaken for planets in the image. In order to design in-
struments, correct quasi-static aberrations or analyse data, the expression of the point
spread function of a coronagraphic instrument in the presence of residual turbulence is
most useful. Here we derive an analytic expression for this point spread function that
is an extension to coronagraphic imaging of Roddier’s expression for imaging through
turbulence. We give a physical interpretation of its structure, we validate it by nu-
merical simulations and we show that it is computationally efficient. Finally, we incor-
porate this imaging model into a coronagraphic phase diversity method (COFFEE)
and validate by simulations that it allows wave-front reconstruction in the presence
of residual turbulence. The preliminary results, which give a sub-nanometric precision
in the case of a SPHERE-like system, strongly suggest that quasi-static aberrations
could be calibrated during observations by this method.
Key words: techniques: high angular resolution – turbulence – instrumentation:
adaptive optics – methods: analytical – methods: data analysis – techniques: image
processing
1 INTRODUCTION
Direct detection of exoplanets is limited by the presence of
speckles on scientific images. These speckles are induced by
quasi-static aberrations in the optical system that are not
corrected by the adaptive optics loop. On SPHERE on the
VLT, the quasi-static aberrations can be calibrated on an
internal source thanks to COFFEE (see Paul et al. (2014)),
an extension of phase diversity (see Gonsalves (1982) for the
principle of phase diversity, and Mugnier et al. (2006) for a
review) to coronagraphic imaging. However, the quasi-static
aberrations evolve during the observations, so it would be
useful to calibrate them during the observations in order
to reach the ultimate performance of the instrument. Since
COFFEE uses a model of the instrument, an analytic expres-
sion of the long exposure point spread function of a corona-
graphic instrument in the presence of the residual turbulence
of an adaptive optics system is needed.
To the best of our knowledge, no such general analytic
expression has been previously published, even though the
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shape and properties of the coronagraphic point spread func-
tion have been explored, e.g. in Perrin et al. (2003); Soum-
mer et al. (2007b), and an analytic approach has previously
been developed in Sauvage et al. (2010). However, Sauvage
et al. (2010) was based on the hypothesis of a perfect coron-
agraph, which does not exist, and yields unacceptable errors
when used for coronagraphic phase diversity, as shown by
Paul et al. (2013b).
The purpose of this letter is firstly to present a general
analytic expression for coronagraphic imaging through tur-
bulence – which is an extension to the coronagraphic case
of the well-known expression by Roddier (1981) for imaging
through turbulence – and secondly to show that it can be in-
tegrated into COFFEE to measure quasi-static aberrations
with nanometric precision during observations.
Moreover, the expression that we derive in this letter
could be of great use for at least two other applications than
wave-front sensing. One is the design, simulation and opti-
misation of coronagraphic systems. The other is the process-
ing of high contrast images based on an imaging model, as
proposed by Ygouf et al. (2013), which is essential for the
detection and characterisation of exoplanets.
c© 2017 The Authors
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2 CLASSICAL IMAGING THROUGH
TURBULENCE AND INSTANTANEOUS
CORONAGRAPHIC POINT SPREAD
FUNCTION
2.1 Classical imaging through turbulence
Let us start with a reminder of the non-coronagraphic case of
imaging through turbulence. The Fourier transform of Equa-
tion (4.15) of the classical text by Roddier (1981) shows that
the long exposure point spread function hle of a telescope
through a (possibly residual) turbulent atmosphere is
hle = ha ? hs, (1)
where hs is the point spread function of the optical system
(which accounts for quasi-static aberrations), ? is the con-
volution operator, and ha is the so-called atmospheric point
spread function, which is the inverse Fourier transform of
the atmospheric transfer function h˜a:
h˜a = exp
(
−1
2
Dφ
)
, (2)
Dφ being the phase structure function of the (possibly resid-
ual) atmospheric turbulence.
This expression is appealing because it untangles the
influence of the atmospheric turbulence from the influence
of the quasi-static aberrations on the global point spread
function.
We show below that an analogous formula can be de-
rived for coronagraphic systems.
2.2 Instantaneous point spread function of a
telescope equipped with a coronagraph
Let us consider an imaging system on a telescope equipped
with a coronagraph as described in Figure 1. We will denote
by Pu the amplitude transmission in a pupil plane before the
coronagraph, or “upstream pupil”, φu the phase aberrations
in this plane, which will be called “upstream aberrations”
hereafter, and ψu = Pue
iφu the complex amplitude in this
plane. Similarly, we will denote by Pd the downstream trans-
mission in a pupil plane after the coronagraph, or “down-
stream pupil” (also called the Lyot stop plane), φd the phase
aberrations in this plane, which will be called “downstream
aberrations” hereafter, and ψd = Pde
iφd the multiplicative
term – due to the downstream aberrations – that affects the
complex amplitude of the wave that has propagated from
the entrance aperture to this plane. For the sake of simplic-
ity, we want to keep the same orientation of the images from
one focal plane to the following, and the same pupil image
orientation from one pupil plane to another. For this rea-
son, we rotate the axis of the downstream plane by 180Aˆrˇ
with respect to the upstream plane, and similarly we ro-
tate the orientation of the focal mask plane by 180Aˆrˇ with
respect to the final focal plane. This axis change is taken
into account mathematically by choosing an inverse Fourier
transform (F−1) instead of a forward one (F) to model the
propagation of light from a pupil to a focal plane. This con-
vention allows for the image orientation to always remain
the same. Of course, our main result (Equation (11)) is in-
dependent of this orientation convention.
Let us denote by hc the coronagraphic point spread
  
Figure 1. Sketch of a telescope equipped with a coronagraph
function of the instrument without turbulence. It writes
hc (α;ψu, ψd) =
∣∣F−1 {ψd ×F [M×F−1 (ψu)]} (α)∣∣2 ,
(3)
where α is the vector of angular coordinates of a position on
the sky, and M the coronagraphic focal plane mask. This
equation simply expresses the propagation from successive
planes to the next ones and the quadratic detection, illus-
trated in Figure 1. For notation simplicity we take λ = 1
in the equations, that is to say we use the same coordinate
system for the pupil phases and for the transfer functions.
In the presence of turbulence, the instantaneous point
spread function of this instrument writes
hsec(α, t;ψu, ψd) = hc(α;ψu × eiφt(t), ψd). (4)
Here hsec(α, t, ψu, ψd) (sec stands for “short exposure coron-
agraphic”) is the instantaneous point spread function taken
at coordinate α in the detector focal plane at time t and φt(t)
is the instantaneous residual turbulence phase at time t if
the telescope is ground-based and equipped with adaptive
optics.
3 LONG EXPOSURE CORONAGRAPHIC
POINT SPREAD FUNCTION
In current high contrast systems such as SPHERE or GPI,
the exposure time is large with respect to the typical evolu-
tion time of corrected turbulence, so that the signal that is
actually recorded by the detector is the long exposure point
spread function, which is an average over time of the short
exposure point spread function:
hlec(α;ψu, ψd) = 〈hsec(α, t;ψu, ψd)〉t . (5)
Here hlec is the long exposure coronagraphic point spread
function, and 〈〉t is the averaging over time. Let us denote
by f∗ the complex conjugate of any function f , and by ⊗
the bi-dimensional correlation product:
f ⊗ g(r) =
∫∫
f∗(s)g(r + s) ds.
In developed form, the long exposure coronagraphic
point spread function writes, thanks to Wiener-Khintchine’s
theorem:
hlec(α;ψu, ψd) =〈
F−1
({
ψd ×F
[
M×F−1
(
ψue
iφt(t)
)]}
⊗
{
ψd ×F
[
M×F−1
(
ψue
iφt(t)
)]})
(α)
〉
t
.
(6)
To somewhat simplify calculations, we will consider the
optical transfer function instead of the point spread function.
Let h˜lec = F(hlec) be the Fourier transform of the point
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spread function. The integral over space commutes with the
averaging over time, so
h˜lec(r;ψu, ψd) =〈{
ψd ×F
[
M×F−1
(
ψue
iφt(t)
)]}
⊗
{
ψd ×F
[
M×F−1
(
ψue
iφt(t)
)]}
(r)
〉
t
.
In order to express the average over time, we must fully de-
velop this expression. We introduce the pupil-plane variables
r1, r2 and r3, the focal-plane variables α1 and α2. After some
manipulations, the fully developed expression reads
h˜lec(r;ψu, ψd) =
∫∫
ψ∗d(r1)ψd(r + r1)
∫∫ ∫∫
ei2pir1·α1
× e−i2pi(r1+r)·α2M∗(α1)M(α2)
×
∫∫ ∫∫
e−i2pir2·α1ei2pir3·α2ψ∗u(r2)ψu(r3)
×
〈
ei[φt(r3,t)−φt(r2,t)]
〉
t
dr3 dr2 dα2 dα1 dr1.
Following Roddier (1981), we assume that turbulence is an
ergodic stationary process (which is a very reasonable as-
sumption in the case of residual turbulence after an extreme
adaptive optics system), so we write〈
ei[φt(r3,t)−φt(r2,t)]
〉
t
= e−
1
2
Dφ(r3−r2), (7)
where Dφ is the turbulent phase structure function, defined
by
Dφ(r) =
〈
ei[φt(r
′,t)−φt(r+r′,t)]
〉
t
. (8)
In order to be able to separate variables r2 and r3
in Equation (8), we take the inverse Fourier transform of
e−
1
2
Dφ . We denote α′ the conjugate variable of r3 − r2, and
ha is the atmospheric point spread function defined by Equa-
tion (2). We will come back to the meaning of ha in Section 4.
We obtain:
h˜lec(r;ψu, ψd, Dφ) =∫∫
ha(α
′;Dφ)
∫∫
ψ∗d(r1)
∫∫
ei2pir1·α1M∗(α1)
×
∫∫
e−i2pir2·α1ψ∗u(r2)e
−i2pir2·α′ dr2 dα1
× ψd(r + r1)
∫∫
e−i2pi(r1+r)·α2M(α2)
×
∫∫
ei2pir3·α2ψu(r3)e
i2pir3·α′ dr3 dα2 dr1 dα
′.
In a more compact form, using Id to denote the identity
function, this equation can be written:
h˜lec(r;ψu, ψd, Dφ) =∫∫
ha(α
′;Dφ)
{
ψd ×F
[
M×F−1
(
ψue
i2piα′·Id)
)]}
⊗
{
ψd ×F
[
M×F−1
(
ψue
i2piα′·Id)
)]}
(r) dα′.
(9)
To obtain the point spread function back from this opti-
cal transfer function, we just have to take the inverse Fourier
transform, then apply Wiener-Khintchine’s theorem again.
Finally, the long exposure coronagraphic point spread func-
tion reads
hlec(α;ψu, ψd, Dφ) =∫∫
ha(α
′;Dφ)
∣∣∣F−1{ψd.F [M.F−1(ψuei2piα′·Id)]}(α)∣∣∣2 dα′.
(10)
This expression gives the long exposure coronagraphic
point spread function as a function of three determinis-
tic parameters, namely: upstream aberrations, downstream
aberrations, and residual turbulence-induced phase struc-
ture function.
4 PHYSICAL INTERPRETATION
In order to interpret Equation (10) physically, we can re-
write it in the more compact following form:
hlec(α;ψu, ψd, Dφ) =∫∫
ha(α
′;Dφ) hc
(
α;ψue
i2piα′·Id, ψd
)
dα′,
(11)
where hc
(
α;ψue
i2piα′·Id, ψd
)
is the coronagraphic point
spread function of the instrument in the absence of turbu-
lence, but with a tilt α′ added to the upstream aberrations,
that is to say with the light coming from the star being tilted
by an angle α′.
A physical interpretation of the atmospheric point
spread function defined in Eq. (2) can shed some light on
the expression of Eq. (11). Recall that
ha , F−1
[
exp
(
−1
2
Dφ
)]
= F−1
[〈
ei[φt(r+r
′,t)−φt(r′,t)]
〉
t
]
.
If we note ψt(r, t) = exp (iφt(r, t)) the contribution to
the electric field at position r and time t by the atmospheric
turbulence, we can re-write ha as :
ha = F−1
[〈
ψ∗t (r
′, t)ψt(r + r
′, t)
〉
t
]
(12)
Assuming stationariness and ergodicity, we recognize the in-
verse Fourier transform of the auto-correlation of ψt. Hence
we can identify ha as the energy spectral density of the
turbulence-induced complex field. In other words, ha(α
′)
gives the fraction of the energy of light that is diffracted
in each direction α′.
Finally, Equation (11) can be interpreted as an inco-
herent plane wave decomposition: the long exposure coro-
nagraphic point spread function hlec is a weighted sum of
coronagraphic point spread functions hc, without any tur-
bulence, but with an upstream tilt α′. The weight on any of
these tilted point spread functions is the fraction of the light
energy ha(α
′) that the atmosphere scatters in the direction
of the corresponding tilt α′.
Moreover, the expression of Equation (11) separates the
turbulent part and the coronagraphic part of the problem:
ha codes for the characteristics of the turbulent atmosphere,
while hc codes for the characteristics of the instrument. This
separation of the point spread function into an atmospheric
point spread function and a point spread function of the in-
strument is strikingly similar to the one found in the Roddier
expression for non-coronagraphic imaging.
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5 SPECIAL CASES
5.1 Non-turbulent point spread function
As a first particular case, let us assume that there is no
turbulence, so that ha is reduced to a Dirac distribution.
Indeed, in the case where there is no turbulence, φt is a
constant, so Dφ =
〈
[φt(r
′)− φt(r + r′)]2
〉
r′
= 0. Then, ac-
cording to Equation (2), ha = δ. Hence, by use of Equation
(11),
hlec(α;ψu, ψd) = hc(α;ψu, ψd), (13)
which is precisely the classical expression for a coronagraphic
point spread function in the absence of turbulence.
5.2 Non-coronagraphic optical transfer function
As a second particular case, if we now consider a non-
coronagraphic instrument, M = 1, so Equation (10) reads
hlec(α;ψu, ψd, Dφ)
=
∫∫
ha(α
′;Dφ)
∣∣∣F−1 {ψdψuei2piα′·Id} (α)∣∣∣2 dα′
= ha(Dφ) ?
∣∣F−1 {ψdψu}∣∣2 (α),
(14)
which is identical to Equation (1), with hs =
∣∣F−1 {ψdψu}∣∣2,
that is to say that the aberration is the sum of the up-
stream and downstream aberrations. The long exposure op-
tical transfer function is thus
h˜lec(r;ψu, ψd) = h˜a(r)× (ψdψu ⊗ ψdψu) (r), (15)
which is the classical formula by Roddier (1981) of the long
exposure transfer function for imaging through turbulence;
indeed the autocorrelation of ψdψu is the optical transfer
function of the instrument due to diffraction and quasi-static
aberrations.
5.3 Approximation in the case of weak turbulence
Additional insight on Equation (11) can be gained by as-
suming that the residual turbulence phase after the adap-
tive optics is a small perturbation. It is straightforward to
see that
1
2
Dφ(r) = σ
2
φ −Aφ(r),
where Aφ(r) = 〈φt(r′)φt(r + r′)〉r′ is the autocorrelation of
the phase, hence
ha = e
−σ2φF−1
[
eAφ
]
.
Then, if the turbulence is small, Aφ is small compared to 1,
and we can perform a first order Taylor expansion:
ha(α
′) ' e−σ2φF−1 [1 +Aφ] (α′)
ha(α
′) ' e−σ2φδ(α′) + e−σ2φSφ(α′)
where Sφ is the power spectrum density of the turbulent
phase φt, defined as the (inverse) Fourier transform of Aφ.
Thus we can express hlec :
hlec(α;ψu, ψd) '
e−σ
2
φ ×
[
hc(α;ψu, ψd) +
∫∫
Sφ(α
′)hc
(
α;ψue
i2piα′ , ψd
)
dα′
]
(16)
This means that hlec is approximately the non-turbulent
coronagraphic point spread function, with a corrective addi-
tive term that takes into account the power spectrum density
of the turbulent phase, all this dampened by the coherent
energy e−σ
2
φ .
6 NUMERICAL VALIDATION AND
EFFICIENCY CONSIDERATIONS
6.1 Numerical validation
To validate our point spread function model, we test it
against an average of short exposure point spread functions,
each one of them with a different outcome of the residual
turbulence-induced phase. Each short exposure point spread
function is computed using a matrix Fourier transform as
proposed by Soummer et al. (2007a) in order to perform an
accurate computation of the field on the mask focal plane.
A few averages of point spread functions are displayed on
Figure 2. They are simulated with a Lyot coronagraph of
diameter 3λ/D, the residual turbulence of a SPHERE-like
adaptive optics and upstream and downstream white noise
phase aberrations of variance 0.1 rad2.
Let us define the convergence error as follows. We de-
note by hlec the long exposure point spread function us-
ing the analytic formula of Equation (11). We denote hsseN
the average of N short exposures. We define the error as
errN = max (|hsseN − hlec| /hlec) , where the division is
taken pixel by pixel. We have performed a simulation of the
evolution of error versus N , the number of short exposures.
The error tends to zero as N−1/2, which is consistent with
the central limit theorem. The error goes below 10−3 just
after N = 107 short exposures.
6.2 Computing cost
The evolution of the convergence error gives us an easy crite-
rion to quantify the comparative computing costs of the long
exposure coronagraphic point spread function and the em-
pirical average of short exposures. Let us take the computing
cost of a short exposure point spread function as the unit
computing cost. Then, if we want an error of less than 10−3
on the point spread function, approximately 107 short expo-
sure point spread functions must be averaged, for a cost of
107. The analytic formula for the long exposure point spread
function has a total cost of the number of points on which
the phase structure function is known. This implies that,
for square images of 512 × 512 pixels, our exact formula is
about 38 times less costly to evaluate than an average of
short exposures.
In addition, it should be noted that, since the long ex-
posure is an integral, and thus, in practice, a sum, it is very
easy to compute it in parallel on several processors. We made
all calculations in parallel on 16 cores.
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Figure 2. Point spread functions. From left to right: short exposure, averages of 10, 100 and 1000 exposures, and analytic long exposure
calculated with equation 11.
Finally, it should also be noted that a useful approxima-
tion can accelerate the computing of the long exposure point
spread function by a great deal. Indeed, when the tilt α′ is
sufficiently greater than the radius of the focal-plane mask
of the coronagraph, the point spread function can be well
approximated by a shifted non-coronagraphic point spread
function that can be computed once and for all, so the sum
in Equation (11) for the computation of the long exposure
point spread function must actually only be computed on a
square of typical width 8λ/D. For a Nyquist-rate sampled
image, that is only 16×16 short exposure point spread func-
tions, with a maximum relative error of less than 10−3 on
each pixel for SPHERE-like parameters.
7 APPLICATION: ESTIMATION OF
QUASI-STATIC ABERRATIONS WITH
COFFEE IN THE PRESENCE OF RESIDUAL
TURBULENCE
7.1 Motivation
In current systems such as SPHERE, quasi-static aberra-
tions are only corrected during day-time. For an upgrade,
or for future high contrast instruments on extremely large
telescopes, it would be useful to correct them during the
scientific acquisition. To achieve this, we combine COFFEE
(see Paul et al. (2013a), Paul et al. (2014)) with the long
exposure phase diversity proposed by Mugnier et al. (2008).
7.2 Simulation results
We have incorporated the long exposure coronagraphic
imaging model developed above into the coronagraphic
phase diversity method COFFEE. In the following, we per-
form a preliminary validation of the quasi-static aberration
estimation with COFFEE in the presence of residual turbu-
lence by means of simulation. The parameters of the sim-
ulations are the following: the phase map size is 64 × 64
pixels, the incoming flux is 109 photoelectrons, the standard
deviation of the readout noise is 1 electron, the (supposedly
monochromatic) wavelength is 1589 nm. The phase struc-
ture function is typical of the residual turbulence of the ex-
treme adaptive optics system of the SPHERE instrument
of the VLT, the coronagraph is a Roddier & Roddier phase
mask, and there are no downstream aberrations. The up-
stream aberration is 50 nm RMS. Figure 3 shows the true
upstream aberrations, the estimated upstream aberrations,
and the difference between the upstream aberrations and
the estimated ones, magnified a hundred times. The error
Figure 3. Left: upstream aberrations that we aim to reconstruct.
Center left: reconstructed aberration. Center right: difference,
magnified a hundred times. Right: modulus of the Fourier trans-
form of the phase estimation error
in this case is much less than 1 nm RMS, which is a very
encouraging result. Additionally, the usefulness of this re-
construction is even better than what the estimated error
suggests. Indeed, if we examine the Fourier transform of the
difference on Figure 3, we notice that the error is mainly
located on the spatial frequencies that are on the border of
the array, that is to say, those that are not corrected by the
deformable mirror. Quantitatively, the error in the corrected
zone accounts for less than 10 % of the total estimation error
variance.
8 CONCLUSION AND PERSPECTIVES
To summarize this work, we have derived an analytic ex-
pression to model long exposure image formation for a
coronagraphic telescope through the residual turbulence of
an extreme adaptive optics system. This model is general
and valid for any coronagraphic mask. It only depends on
three deterministic quantities: quasi-static aberrations be-
fore and after the coronagraph, and the residual phase struc-
ture function. Its expression shows, quite nicely, that the
long exposure coronagraphic point spread function is the
weighted sum of coronagraphic point spread functions with-
out turbulence with a weight distribution given only by the
turbulence-induced residual phase structure function. It is
computationally effective, allowing a time gain of at least
an order of magnitude on standard sized images. Lastly, we
have obtained numerical results that suggest that this long
exposure model can be applied to the on-sky measurement
and correction of aberrations in the context of ground-based
direct exoplanet detection.
These encouraging results suggest that we carry on
working in two directions. On the one hand, we will ex-
plore the robustness of the COFFEE estimations to an error
on the phase structure function of the residual atmospheric
turbulence. On the other hand, we will demonstrate exper-
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imentally that COFFEE can estimate aberrations through
turbulence, first on a laboratory bench and then on sky.
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